Abstract. We describe a Lagrangian defining the preon sector of the knot model. The preons are the elements of the fundamental representation of SLq(2), and unexpectedly agree with the preons conjectured by Harari and by Shupe. The leptons, neutrinos, up and down quarks, described as j = 3/2 representations, and the electroweak vectors, described as j = 3 representations, of SLq (2) arXiv:1301.6440v3 [hep-th]
In the knot model, here understood as a SLq (2) extension of the standard model, the elementary fermions with isotopic spin t = 1/2 are quantum trefoils lying in the j = 3/2 representation of SLq (2) . The electroweak vectors with t = 1 belong to the j = 3 representation. The adjoint and fundamental representations define hypothetical particles that may be described as preons. Some of the possible experimental evidence of the j = 3/2 and j = 3 representations has been discussed.
(1) Here we would like to present a corresponding discussion of the preon sector of the model, described by the j = 1/2 fundamental representation of fermionic preons and by the j = 1 adjoint representation of bosonic vectors.
This study began as an effort to examine the compatibility of the SLq(2) symmetry with the standard model. In physical terms this compatibility would mean that the elementary particles are in some sense knotted, since SLq(2) describes the knot algebra. It turns out there is indeed empirical support for a description in which the simplest particles are the simplest knots and in which they are described by the j = 3/2 representation of SLq (2) .
When one then looks at the adjoint (j = 1) and fundamental (j = 1/2) representations, one unexpectedly finds exactly the preon structure proposed earlier by Harari and by Schupe.
The Harari, Shupe, and knot models are all based on the same experimental data, but Harari and Schupe aim to produce the simplest possible basis for a more fundamental theory, while the goal in the third approach is to construct a SLq(2) extension of the standard model. It is remarkable that these three different approaches lead to the same preon model.
In the SLq(2) model, the creation operators of all the composite particles, described by representations D (m + n). In the particular case of leptons, neutrinos, down and up quarks, the creation operators, D 3/2 mn , are monomials proportional to a 3 , c 3 , ab 2 , cd 2 , respectively.
There is then one charged preon, a, with charge − e 3
and its antiparticle d while there is one neutral preon, b, and its antiparticle c, just as previously proposed by Harari and by Shupe.
The a 3 , c 3 , ab 2 , cd 2 describe the creation operators and preon content of the four classes of elementary fermions, also precisely as proposed by Harari and by Shupe.
The preon operators (a, b, c, d) may be interpreted as creation operators for either particles or twisted flux loops with one crossing, and (a 3 , c 3 , ab 2 , cd 2 ) may be interpreted as creation operators for three preons or for a trefoil flux loop with three crossings. The two complementary descriptions may be reconciled as describing a composite particle composed of three preons bound by a trefoil flux tube.
The Elementary Fermions and Electroweak Vectors in the Knot Model
To obtain the SLq (2) We postulate a correspondence between quantum knots and oriented classical knots according to
where (N, w, r) are (the number of crossings, the writhe, and the rotation, respectively) of the 2d-projection of an oriented classical knot. Since the (N, w, r) are integers, the factor 1/2 is needed to allow half-integer representations of SLq (2) . Since 2m and 2p are of the same parity, while w and r are topologically constrained to be of opposite parity, o is an odd integer that we set = 1 for a quantum trefoil.
(1)
Eq. (2.2) restricts the states of the quantum knot to only those states of the full 2j + 1 dimensional representations that correspond to the 2d-spectrum (N, w, r) of a corresponding classical knot. The interesting consequences of not postulating (2.2) will be considered later.
The defining SLq(2) algebra is invariant under gauge transformations U a (1)×U b (1) that induce the following gauge transformations on the D j mp
and hence on theΨ
For physical consistency the field action is required to be invariant under Eq. (2.4) since the U a (1)×U b (1) transformations do not change the defining algebra.
Then there will be the following Noether charges that may be described by (2.2) as writhe and rotation charges
We assume that k = k w = k r is a universal constant with the dimensions of an electric charge and with the same value for all trefoils.
The knot picture is more attractive if the simplest particles are the simplest knots.
We therefore consider the possibility that the most elementary fermions with isotopic spin t = 1/2 are the most elementary quantum knots, the quantum trefoils with N = 3. This possibility is supported by the following empirical observation
which is satisfied by the four classes of elementary fermions described by (1/2, t 3 , t 0 ) and the four quantum trefoils described by (3, w, r) and shown by the row to row correspondence in Table ( 2.1).
Standard Model
Quantum Trefoil Model We next require that the total charge of each quantum trefoil, Q w + Q r , agrees with the total charge of the corresponding fermion, Q e . Then k = e 3
.
There are four choices of (N, w, r) corresponding to the four quantum trefoils and there are four choices of (t, t 3 , t 0 ) corresponding to the four classes of fermions, but there is only a single way to match the two sides of Eqn. (2.6).
By (1.2) and (2.6) one may also write (j, m, p) = 3(t, −t 3 , −t 0 ) (2.7)
There are therefore two ways of reading the indices on D j mp , either topologically by (2.2) or empirically by (2.7). (1) To describe the electroweak vector bosons, note that the fermion-boson interaction acquires by (2.1) the form factorD 
and by (2.7)
We require that the invariance under the SU(2)×U(1) satisfied by the standard model be preserved in the extended standard model. Then
The separate conservation of t 3 and t 0 also expresses the separate conservation of writhe and rotation charges demanded by U a (1)×U b (1) invariance. By (2.10) and (2.11)
We then find that (2.7) also holds for the electroweak vector bosons with t = 1 and j = 3:
3 The Preon Representations representations therefore do not correspond to knots but they do correspond to twisted loops that may be assigned writhe and rotation integers in the same way as for knots.
In all cases we shall assume that the first factor, Ψ, in the field operator ΨD 
and
Here the arguments satisfy the knot algebra:
The (a, b, c, d) are also elements of the preon representation:
Since the D The sum in (3.1a) over (s, t) may be rewritten as a sum over (n a , n b , n c , n d ) subject to
But by (2.7) one has the empirical constraint
and by (2.2) one has the topological constraint
We have seen how the relations (3.5) and (3.6) hold for the j = 3/2 and j = 3 representations.
We now assume that they hold for all representations that we consider. Then by (3.4) and (3.5) we have for the composite particle described by (t, t 3 , t 0 )
and by (3.4) and (3.6) the same particle described by (N, w, r + o)
By (3.3) and (3.5) one also has the Table (3.1) 
According to Table (3.1) there is one charged preon, a, with charge −e/3 and its antiparticle, d. There is one neutral preon, b, and its antiparticle, c. These particles agree with the preons of the Harari-Shupe model.
By Table ( 3.1) and equations (3.7) one then has for every term (n a , n b , n c , n d ) in (3.1a)
Here n p is the number of p-preons and (t p , t 3p , t 0p , Q p ) are quantum numbers of the p th preon according to Table 3 .1.
The composite particle described on the left side of (3.9) with quantum numbers (t, t 3 , t 0 , Q)
is a superposition of states, each state characterized by the same (t, t 3 , t 0 , Q) but with varying Since the fermion knot factors D 4 The Complementary Models (1) Since (N, w, r + o) = 2(j, m, m ), the equations (3.4) may also be read as knot relations (3.8). As there are only three equations to determine the four (n a , n b , n c , n d ), the composite particle, described by either (t, t 3 , t 0 ) or (N, w, r), is in general a superposition of several components with different sets of (n a , n b , n c , n d ).
Equations (3.8N ) states that the total number of preons equals the number of crossings (N ). Since we assume that the preons are fermions, the knot describes a fermion or a boson depending on whether the number of crossings is odd or even. 
Then (3.8w) and (3.8r) may be rewritten as
By (4.3) and (4.4) the conservation of the preon numbers and of charge and hypercharge is equivalent to the conservation of the writhe and rotation, which are topologically conserved at the classical level. In this respect, these quantum conservation laws correspond to the classical conservation laws.
The SLq(2) equations (3.8) hold for all representations and therefore for preons as well as for knots, although the preons are twisted loops rather than knots. If the indices (N, w, r)
for the fermionic preons are determined in the same way as for knots, one finds N = 1, w = ±1, and r = 0. Then by (3.8r) the odd integer, o, is for preons.
It follows that o = 1 for a and b, and that o = −1 for the anti-particles, d and c. and contributes +1 to the rotation while the single unlabeled shared circuit is clockwise and contributes −1 to the rotation so that the total r for both leptons and neutrinos is +2. For the quarks the three labelled loops contribute −1 and the shared loop +1 so that r = −2.
Written in terms of (N, w, r) and (N, w, r) p the equations describing the composite particles are
where p = (a, b, c, d) and we introduce the "quantum rotation"r:
For preonsr
For the presently observed elementary fermions r = r + 1 (4.9)
One may view the symmetry of an elementary particle, defined by representations of the SLq(2) algebra, in any of the following ways:
where N is the total number of preons. The quantum knot-preon complementary representations are related bỹ
The previous considerations are based on electroweak physics. To describe the strong interactions it is necessary according to the standard model to introduce SU(3). In the may be interpreted as a creation operator for a composite particle composed of either preonic particles or flux loops. These two different views of the same particle may be reconciled as describing N -body systems bound by a knotted field having N -crossings with one preon at each crossing as illustrated in Figure 4 .1 for N = 3. In the limit where the three outside lobes become infinitesimal compared to the central circuit, the resultant structure will resemble a three particle system tied together by a Nambu-like string. Since the topological diagram of Fig. 4 .1 describes loops that have no size or shape, one needs to introduce an explicit Lagrangian to go further. 
The Preon Lagrangian
To obtain the knot Lagrangian replace every field operator, Ψ(x), of the standard model by a knotted field operator as follows: We now replace the separate parts of L st , beginning with the Higgs mass term IV describing the four preons. In the standard model L and ϕ are isotopic doublets whileLϕ and R are isotopic singlets. We retain this isotopic structure and continue to follow the standard model by going to the unitary gauge where ϕ has a single component which is neutral. In passing to the SLq(2) algebra we assume that ϕ is a SLq(2) singlet and that L and R carry the same D j mm . The (ν, ) and (u, d) fermions are t 3 -doublets in Table 2 .1. They transform under the t = 1/2 representation of the isotopic spin and lie in the j = 3/2 representation of SLq(2).
By Table ( 
are t 3 -doublets in the t = 1/2 representation of SU(2) while (c 3 , a 3 ) and (cd 2 , ab 2 ) are, by Table 3 .3, t 3 -doublets in the j = 3/2 representation of SLq(2).
The corresponding preon doublets are, by Tables 3.1 and 3. 2
) are also assumed to be t 3 -doublets in the t = 1/2 representation of SU (2) while (c, a) and (d, b) are by Table 3 .1 t 3 -doublets in the j = 1/2 representation of SLq(2).
In constructing both the knot and the preon Lagrangians we make the basic assumption that Ψ(x) in (5.2 − 5.6) is a local SU(2) field like the field operators of the standard model. Let us now begin to interpret (5.1) as a preon Lagrangian by first expressing the Higgs mass term as a sum of four parts, the contributions of the four preons, as follows:
where
where L(c, a) and L(d, b) are given by (5.5) and (5.6), respectively. Here the Higgs doublets
and L and R carry the same knot factors, D 1/2 mp . Then one may compute the a-contribution to (5.7) as follows:
The adjoint is The masses of all the preons are obtained in the same way with the result
where |0 is the ground state of the b and c elements
In (5.17) 0|pp |0 may be reduced to a simple function of q, β, and γ by going to the unitary algebra, SUq (2), where a = d and b = −qc.
The Fermion-Boson Interaction
The interaction (5.1 II) is
where L and R are the left and right chiral fields, L is the isotopic doublet described in (5.3) and (5.4) at the composite fermionic level, or by (5.5) and (5.6) at the preonic level.
R is an isotopic singlet with the same knot factor as L. Here ∇ is the covariant derivative
where W is the vector connection.
If W is the vector connection of the standard model, then
To go over to the knot and preon models we follow (2.13) and therefore replace (W
) in the j = 3 representation of SLq (2) . Alternatively we may replace t in (6.3) by τ as follows:
Here D We also assume in both the j = 3 and j = 1 representations (j, m, p) = 3(t, −t 3 , −t 0 ) (6.8)
In the adjoint representation where j = 1 and t = +1/3, the possible values of m and p are (1, 0, −1) and the corresponding values for t 3 and t 0 are (1/3, 0, −1/3) by (6.8). We assign t 0 = 0 to all the vector bosons. Then we have by (6.9) the Tables (6.1) and (6.2) for the j = 3 (knotted electroweak) and j = 1 (adjoint vectors).
Adjoint Vector
0 - The left chiral interaction terms are by (5.1 II)
where / ∆ c and / ∆ a are the following rescaled momentum operators
The momentum operators are rescaled in the same way as the Higgs rest masses:
From (6.11) and (6.3) − (6.5) one also has
Here w + , w − , and w 3 are components of the adjoint vector field (j = 1) that mediate the interaction between the left chiral preons. The adjoint vector-preon form factors are
by (6.7) and Table 6 .1 where
The form factors (6.18) and (6.19 ) are all invariant under U a ×U b and are therefore expressible as functions of the knot parameters.
From (6.12) one has
where / ∆ d and / ∆ b are rescaled momentum operators
From (6.12) one also has (again excluding w
where 6.27) are invariant under U a × U b as required.
All the invariant form factors are simple functions of βγ.
The Higgs Kinetic Energy Terms
In both the standard model and the knot model we assume that the Higgs is coupled to the observed electroweak field. In the preon model we shall assume that the Higgs is also coupled to the hypothetical electroweak field described by the adjoint representation of SLq(2). Then there are two components of the covariant derivative of the Higgs as follows:
where j refers to the representation and θ is the Weinberg angle. The corresponding contributions to the total kinetic energy are As the simplest generalization of (7.3) we shall now set
The expressions D 
The Field Invariant
We replace the field invariant of the standard model by
where W j µλ are the field strengths of the knot and preon models and where |0 is the ground state of the commuting b and c operators. The j-sum is over the two vector representations:
Then by (8.2) and (8.3)
where (k, ) = (+, −, 0) and differs from the standard model by the substitution of τ j k for t k .
The τ -commutators introduce structure coefficients invariant under the gauge transformations U a (1)×U b (1) that leave the SLq(2) algebra invariant and hence are functions of bc only. The structure coefficients in (8.5) evaluated on |0 will therefore be functions of βγ, the value of bc on the ground state in (8.1).
An Extension of the Knot Model
The three models that have been described here (standard, knot, and preon) all exhibit the dynamics of the standard model but differ in their dependence on the SLq(2) representation assigned to the elementary fermion. In the standard, knot, and preon models, the elementary fermions are assigned to the j = 0, j = 3/2, and j = 1/2 representations, respectively, of SLq (2) and these three models may in this sense be described as j = 0, 3/2, and 1/2 realizations of SLq (2) 
for all representations, as in (3.9) and (4.6), where n p is the number of preons of type p.
At this point one may also ask whether it is necessary to explicitly postulate the correspondence (9.2) with classical knots, since SLq(2) is already the knot algebra. Suppose we therefore drop this postulate to obtain a new model. This new model, which we term "the extended knot model," is then totally determined by the knot algebra and the empirical rule (9.1) for interpreting this algebra. While only the elementary particles of the standard model are described by the trefoil representation according to the knot model, no member of this representation or of any other representation is a priori excluded in the extended knot model as a possible physical state. In this alternate model we continue to assume that (t, t 3 , t 0 ) and charge are determined by (j, m, n) in (9.1) and that the number (N ) of preons in each composite state is still N = 6t = 2j by (3.4j) and (3.5). For the complete trefoil representation one then finds, by (3.1), the Table 9 .1 with the notation of (3.1) for A(s, t). In Table ( 9.1) the overline means antiparticle and the prime means isotopic partner.
Only the first and fourth rows of Table 9 The knot, the preon, and the extended preon model are all based on the knot algebra SLq(2) with physical interpretations according to (9.1). The physical interpretation of the knot and the preon model is further constrained by (9.2). In the alternative preon model, however, we drop this second constraint and therefore also drop this explicit correspondence with a classical knot. Hence the elementary particles of the knot model, i.e. leptons, neutrinos, and quarks, may be related to classical knots by (9.2) but this same correspondence does not hold for the alternative three particle states in Table 9 .1.
Since there appear to be only 3 generations, the additional quark isotopes, if they exist, would be revealed in fine structure of the generational mass spectrum. Failure to find this fine structure may be interpreted as evidence for a correspondence between classical and quantum knots. Even in the extended model there are no leptonic isotopes beyond the three generations.
Eqn. (5.17) is an explicit expression for the masses of the four preons in terms of q, β, γ, and ρ p but this expression gives no indication of its magnitude. If the preon mass is very large, it must be compensated by a very large binding force, since the leptons, neutrinos, and quarks are relatively very light. One may perhaps attribute this strong binding to the j = 1 vector preon field. In a different scenario as described by the rishon model of Harari and Seiberg (6) the preons are massless and bound by strong color and hypercolor forces.
The nature of the field binding the preons is obviously a crucial question for preon models.
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